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Abstract. In this paper, we use what we call the shift operator so that 
general delay dynamic equations of the form 

x^{t) = a{t)x{t) + b{t)x{5-{h,t))5^{h,t), t£ [to,oo)T 

can be analyzed with respect to stability and existence of solutions. By 
means of the shift operators we define a general delay function opening 
an avenue for the construction of Lyapunov functional on time scales. 
Thus, we use the Lyapunov's direct method to obtain inequalities that 
lead to stability and instability. Therefore, we extend and unify stability 
analysis of delay differential, delay difference, delay /i— difference, and 
delay g— difference equations which are the most important particular 
cases of our delay dynamic equation. 



1. Introduction 

Lyapunov functionals are widely used in stability analysis of differential 
and difference equations. However, the extension of utilization of Lyapunov 
functionals in dynamical systems on time scales has been lacking behind 
due to the constrained presented by the particular time scale. For example, 
in delay differential equations, a suitable Lyapunov functional will involve 
a term with double integrals, in which one of the integral's lower limit is of 
the form t + s. Such a requirement will restrict the time scale that can be 
considered. 

For a few references on the study of stability in differential equations, us- 
ing Lyapunov functionals, we refer the interested reader to [3], [5], p^-|24j. 
The reader may consult Yoshizawa [24', pp. 183-213] (or any book on func- 
tional differential equations and Lyapunov's direct method) for definitions 
of stability and for properties of Lyapunov functionals. For the stability 
analysis of the delay differential equation 

x'{t) = a{t)x{t) + b{t)x{t-h), h>0 (1.1) 

we refer to p^-[T8], and [221. In [g], the authors improved the results of |22j 
by considering the delay differential equation of the form 

x'{t) = a{t)x{t) + b{t)x{t-h{t)), 0<h{t)<ro. (1.2) 

On the other hand, stability analysis of delay difference equations of the 
form 

x{t + l) = a{t)x{t) + b{t)x{t- t), t£Z+ (1.3) 
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is treated in [8], [20j, and [21]. 

A time scale, denoted T, is a nonempty closed subset of real numbers. The 
set T*^ is derived from the time scale T as follows: if T has a left-scattered 
maximum M, then T'' = T— {M}, otherwise T'' = T. The delta derivative 
of a function / : T — t- R, defined at a point t G T'^ by 

/^(t) :=lim^^^^^^4^^^, where s ^ t, seT\{a{t)}, (1.4) 
s-^t a[t) — s 

was first introduced by Hilger to unify discrete and continuous analy- 
ses. In ()1.4p . (T : T — )• T is the forward jump operator defined by a{t) := 
inf {s G T : s > t}. Hereafter, we denote by /x(t) the step size function 
^ : T — )• M defined by fi{t) := a{t) —t. A point t G T is said to be right dense 
(right scattered) if fi{t) = (/i(t) > 0). A point is said to be left dense if 
sup{s £ T : s < t} = t. A function / : T — R is called rd-continuous if it is 
continuous at right dense points and its left sided limits exists (finite) at left 
dense points. Every rd-continuous function / : T — )• R has an anti-derivative 
F denoted by 




To indicate the time scale interval [a, 5] n T we use the notation [a, b]j. The 
intervals [a,b)j, {a,b]j, and {a,b)j are defined similarly. For brevity, we 
assume the reader is familiar with the basic calculus of time scales. A 
comprehensive review on dynamic equations on time scales can be found in 
[TU] and [H]- 

In [3] and [7|, the authors handle the stability analysis of the dynamic 
equation 

x^{t) = a{t)x{t) + b{t)x{5{t))5^{t), (1.5) 

where the delay function 5 : [to, 00)1 — >• [5(to);Oo)T is surjective, strictly 
increasing and is supposed to have the following properties 

5{t)<t, 5^(t)< 00, doa = ao5. 

Afterwards, we point out in [4J that the assumption 5oa = ao5 is redundant 
whenever the delay function 6 : [to,oo)'f — )• [5(to),oo)'f is surjective and 
strictly increasing. 

Note that the delta derivative in (jl.4p turns into the ordinary derivative 
f'{t) and the forward difference Af{t) := f{t + I) - f{t) when T = R 
and T = Z, respectively. Hence, (|1.5p is a general equation including the 
particular cases (|l.ip - (|1.3p . However, this paper improves the results of [3j. 

In this paper, we define the general shift operator and make use of them in 
the construction of the Lyapunov functional to improve previous results on 
delay dynamic equations regarding stability and boundedness of solutions. 
In particular, we improve the results of Eq. (|l.ip - (jl.3p . and ll.Sp . The main 
task of this paper can be outlined as follows: 

• To create a suitable Lyapunov function that leads to exponential 
stability of the zero solution. 

• To give criteria for instability. 

• To compare the results of this paper with the ones in the existing 
literature. 



SHIFT OPERATORS AND STABILITY IN DELAYED DYNAMIC EQUATIONS 3 



in [22], the author used the following 



V{t) 



x{t) + I b{s + h)x{s)ds 

t-h 



+ X [ [ l?{z + h)x^{z)dzds. (1.6) 

J -h Jt+s 

to study the exponential stability of the zero solution of (jl.ip . 

We do not adopt this type of Lyapunov functional since it requires the 
time scale to be additive. An additive time scale is a time scale which 
is closed under addition. There are many time scales that are not addi- 
tive. To be more specific, the time scales = {0} U {g" : n G Z}, \/N = 
{•^/n : G N} are not additive. However, S±{s,t) = ts^^ and d±{s,t) = 
\/P~±~s^ are the shift operators defined on and \/N, respectively. It 
turns out that we need the notion of shift operators to avoid additivity as- 
sumption on the time scale. That is, to include more time scales in the 
investigation. Shift operators are first introduced in [Ij to obtain function 
bounds for convolution type Volterra integro-dynamic equations on time 
scales. However, the time scales considered in [1] is restricted to the ones 
having an initial point ^ IT so that there exist the shift operators defined 
on [to,oo) n T. Afterwards, in |2j the definition of shift operators was ex- 
tended so that they are defined on the whole time scale T. In this paper, our 
new and generalized shift operators include positive and negative values. 

We end this section by giving some basic definitions and theorems that 
will be used in further sections. 

Definition 1. A function /i : T — )• M is said to be regressive provided 
1 + nit)h{t) / for all t £ T"", where ixit) = a{t) - t. The set of all 
regressive rd-continuous functions : T — )• M is denoted by TZ while the set 
7^+ is given by = {h £ TZ : I + n{t)ip{t) > for all t£T}. 

Let ip £ TZ and /x(t) > for all t G T. The exponential function on T is 
defined by 

e^it,s) = exp C^^,){^{r))Ar^ (1.7) 
where Cfi(s) is the cylinder transformation given by 

. f ^Log(l+Mr-)v'(r)) ^f^^{r)>0 

It is well known that if p G TZ^, then ep{t,s) > for all t £ T. Also, 
the exponential function y{t) = ep{t,s) is the solution to the initial value 
problem y^ = p{t)y, y{s) = 1. Other properties of the exponential function 
are given in the following lemma: 

Lemma 1. [10, Theorem 2.36] Letp,q G TZ. Then 

i. eo{t,s) = 1 and ep{t,t) = 1; 
u. ep{a{t),s) = (1 + ^(t)p(t))ep(t,s); 

iii- i^lb) = eep(i,s) where, ep{t) = -j^^^; 
iv. ep{t,s) = = eep(s,t); 
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V. ep{t,s)ep{s,r) = ep{t,r); 

Theorem 1. [lOl Theorem 1.117] Let a E T*^, b £ T and assume that 
A; : T X T'' — )• R is continuous at (t, t), where t gT'^ with t > a. Also assume 
that {t, .) is rd-continuous on [a, a (t)] . Suppose that for each e > there 
exists a neighborhood U oft, independent of t £ [to,a{t)], such that 

\k{a{t),T) -k{s,r) - k'^ (t,r) {a (t) - s)\<e\a{t) - s\ 

for all s E U, where k^ denotes the derivative of k with respect to the first 
variable. Then 

g (t) := f k {t, t) At implies g^ (t) = f k^ (t, t) At + k {a (t) , t) 

J a J a 

/•b rb 

h{t):= / k{t,T) At implies {t) = / k^ {t,T) At - k {a (t) ,t) . 
Jt Jt 

2. Shift operators 

Next, we state the generahzed shift operators. A limited version of it can 
be found in [1]. 

Definition 2. Let T* be a non-empty subset of the time scale T and to G T* 
a fixed number such that there exist operators 5± : [to,oo)T x T* — )• T* 
satisfying the following properties: 

P.l The functions 5± are strictly increasing with respect to their second 
arguments, i.e., if 

{To,t),{To,u) G P± := {{s,t) G [to,(^h x T* : 5±{s,t) G T*} , 
then 

Tq < t < u implies 5±{TQ,t) < 5±(Tq,u), 

P.2 // {Ti,u), {T2,u) G P_ with Ti < T2, then 

6-{Ti,u) > 6-{T2,u), 

and if (Ti, n), {T2,u) G 2?+ with Ti < T2, then 

6+{Ti,u) < 6+{T2,u), 

P.3 If t £ [to, 00)1', then (t,to) £ ^+ o^c^ ^+{'t,to) = t. Moreover, if 

t G T* , then {to,t) G P+ and 6+{to,t) = t holds, 
P.4 Ifis,t) G V±, then {s,d±{s,t)) G and 6^{s,6±{s,t)) = t, 
P.5 If{s,t)£'D± and {u,5±{s,t)) £ V^, then {s, 5^{u,t)) £ V± and 

6^{u,6±{s,t)) = 6±{s,6^{u,t)). 

Then the operators 6- and (5+ associated with to G T* (called the initial 
point) are said to be backward and forward shift operators on the set T* , 
respectively. The variable s G [to,oo)T in 5±{s,t) is called the shift size. 
The values 5+(s,t) and 6-{s,t) in T* indicate s units translation of the 
term t G T* to the right and left, respectively. The sets T>± are the domains 
of the shift operators 6±, respectively. 
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Definition 3. Let T he a time scale having an initial point such that there 
exist operators 5± : [tQ,co)j x T — )• T satisfying P.3-P.5. A point io) £ 
T is said to be a sticky point of T if 

5±{s,t*) = t* for all s G [to, 00)1' with {s,t*) £ T>±. 

Hereafter, let t* and T* denote the sticky point and the largest subset of 
T without sticky point, respectively. 

Corollary 1. A sticky point t* cannot be included in the interval [^0,00)7- 

Proof. First, by P.3-P.5 we have S-{u, u) = 5-{u, (5+(n, to)) = to, and hence, 
(n, n) G P_ for all u G [tQ,oo)j. If t* G [to,oo)'f is a sticky point, then 
P.3-P.5 imply 

t* = 6-{t*,t*) = to G T* = T-{t*}. 
This leads to a contradiction. □ 

Example 1. Let T = M and to = 1. The operators 

6.{s,t) = ^ ,t -ftKO ' for se [1,00) (2.1) 

and 

MM) = {,}!^ IJ^O ' for s£ [1,00) (2.2) 

are backward and forward shift operators associated with the initial point 
to = 1. Also, t* = is a sticky point (i.e. T* = M— {0} ) since 

S±is,0) = for all s G [l,oo). 

In the table below, we state different time scales with their corresponding 
shift operators. 



T 


to 


t* 


T* 


(5_(s,t) 


6+{s,t) 


M 





N/A 


M 


t - s 


t + s 


Z 





N/A 


Z 


t - s 


t + s 


U {0} 


1 







t 


St 







N/A 




Vt^ - S2 





The proof of the next lemma is a direct consequence of Definition [2j 

Lemma 2. Let 5- and 6^ be the shift operators associated with the initial 
point to- We have 

i. 5^{t,t) = to for all t G [to, oo)j. 

ii. 6-{to,t) = t for allt eT*, 

iii. If {s,t) G P+, then 6+{s,t) = u implies 6-{s,u) = t. Conversely, if 
{s,u) G P-, then 6-{s,u) = t implies 6+{s,t) = u. 

iv. 6+{t, 6-{s,to)) = 6^{s,t) for all {s,t) G 'D{6+) witht>to^ 
V. 5+{u,t) = 6+{t,u) for all {u,t) G ([to,oo)T x [to,oo)'f)nP+ 

vi. 6+{s,t) G [to,©©)^ for all {s,t) G with t > to,; 

vii. 5_(s, t) G [to, oo)t /or all {s,t) e ([to, oo)'f x [s, oo)t) n 

viii. If d^{s, .) is A— differentiable in its second variable, then 5^* {s, .) > 
0, 

ix. 5_|_((5_(u, s), 5- {s, v)) = 5-{u, v) for all {s, v) G ([to, 00)1 x [s, oo)T)n 
D_ and (u, s) G ([to, oo)t x [u, oo)t) n "D-, 
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X. // (s, t) G P_ and 6-{s, t) = to, then s = t. 

Proof, (i) is obtained from P.3-5 since 

6^{t,t) = 6-{t,6+{t,to)) = to for all t G T*. 

(ii) is obtained from P.3-P.4 since 

S^{to,t) = 6-{to,5+{to,t))=t. 

Let u := (5+(s,t). By P.4 we have {s,u) £ for all {s,t) G P+, and hence, 

u) = (5_(s, (5+(s, t)) = t. 

The latter part of (iii) can be done similarly.. We have (iv) since P.3 and 
P. 5 yield 

6+{t,6^{s,to)) = 6.{s,6+{t,to)) = 6.{s,t). 
P.3 and P. 5 guarantee that 

t = 5+(t,to) = 5+{t,5^{u,u)) = (5_(n, 
for all {u,t) £ {[to,oo)j x [^0,00)^) CiV^. Using (iii) we have 

6+{u,t) = 5+{u, 5-{u, 6+{t, u))) = 6+{t, u). 
This proves (v). To prove (vi) and (vii) we use P. 1-2 to get 

6+{s,t)>6+{to,t) = t>to 
for all {s,t) G ([to, 00) x [^0,00)1) n P+ and 

5- (s, t) > (5_ (s, s) = to 

for all (s,t) G ([to, 00)1 x [s,oo)t) nP_. Since 5+(s,t) is strictly increasing 
in its second variable we have (viii) by [IH Corollary 1.16]. (ix) is proven as 
follows: from P.5 and (v) we have 

= 6^{s,6-{u,5^{v,s))) 
= ^-{s,S+{s,6-{u,v))) 
= S^(u, v) 

for all {s,v) G ([to,oo)T x [s,oo)j) CiV^ and (u, s) G ([to,oo)T x [«, oo)T)n 
P_. Suppose (s,t) G P_ = {(s,t) G [to,oo)T x T* : 5^{s,t) G T*} and 5_(s,t) = 
to- Then by P.4 we have 

t = 5+(s,(5_(s,t)) G 6+{s,to) = s. 

This is (x). The proof is complete. □ 

Notice that the shift operators 5± are defined once the initial point to G T* 
is known. For instance, we choose the initial point to = to define shift 
operators 5±{s,t) = t it s on T = M. However, if we choose A G (0, 00) as 
the initial point, then the new shift operators associated with A are defined 
by S±{s,t) = t =F A ± s. In terms of 5± the operators 6± can be given as 

S±{s,t) = 6^{X,6±{s,t)). 
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Example 2. In the following, we give some particular time scales to show 
the change in the formula of shift operators as the initial point changes. 





1 T = Ni/2 


T = hZ 


T = 2^ 


to 


A 


hX 


1 2^ 


6.{s,t) 


Vt2-s2 Vt2 + A2-s2 


t — s t + hX — s 


t/s 2Hs-^ 


d+is,t) 


Vt^ + S^ Vt2-A2 + s2 


t + s t — hX + s 


ts 2~Hs 



where X G Z+, n^/'^ := {^/E : n E N}, 2^ := {2" : n E N}, and hZ : = {hn : 
n E Is}. 

3. Delay function 

In this section we introduce the delay function on time scales that will be 
used for the construction of the Lyapunov functional. 

Definition 4. Let T be a time scale that is unbounded above and to E T* 
an element such that there exist the shift operators 6± : [to,oo) x T* — t- T* 
associated with to- Suppose that h E {to,oo)j is a constant such that {h,t) E 
D± for all t E [tQ,oo)j, the function 5^{h,t) is difjerentiable with an rd- 
continuous derivative, and 5^{h,t) maps [tQ,oo)j onto [5^{h,to),oo)j. Then 
the function 5-{h,t) is called the delay function generated by the shift 6- on 
the time scale T. 

It is obvious from P. 2 and (iii) of Lemma [2] that 

5-{h,t) < S^{to,t) = t for aU t E [^0,00)1- (3.1) 

Notice that S-{h, .) is strictly increasing and it is invertible. Hence, by P. 4-5 
6z\h,t) = 5+{h,t). 

Hereafter, we shall suppose that T is a time scale with the delay function 
6-{h,.) : [to,oo)T — )• [(5_(/i, to)i co)t, where to S T is fixed. Denote by Ti 
and T2 the sets 

Ti = [to,oo)T andT2 = <5_(/i,Ti). (3.2) 

Evidently, Ti is closed in R. By definition we have T2 = [5-{h,tQ),oo)j. 
Hence, Ti and T2 are both time scales. Let ai and (T2 denote the forward 
jump operators on the time scales Ti and T2, respectively. By p.lll3.2p 

Ti C T2 C T. 

Thus, 

o-(t) = 0-2 (t) for all t E T2 

and 

a{t) = CTi(t) = a2(t) for all t E Ti. 

That is, o"! and (T2 are the restrictions of the forward jump operator a : 
T ^ T to the time scales Ti and T2, respectively, i.e., 

o"! = a\j^ and fT2 = . 

Recall that the Hilger derivatives A, Ai, and A2 on the time scales T, Ti, 
and T2 are defined in terms of the forward jumps a, ai, and (T2, respectively. 
Hence, if / is a differentiable function at t E T2, then we have 

f'^Ht) = f'^'it)=f''it), foralltETi. 
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Similarly, if a, 6 G T2 are two points with a < b and if / is a rd-continuous 
function on the interval (o, 6)t2 , then 



f f{s)^2S= f fis)As. 

J a J a 



The next result is essential for future calculations. 

Lemma 3. The delay function 6-{h, t) preserves the structure of the points 
in Ti . That is, 

cri(t) = t implies a2{S-{h,t)) = 6-{h,t). 

cji(t) > t implies a2{5-{h,t) > 5-.{h,t). 
Proof. By definition cJi(t) > t for all t G Ti. Thus, 

<5_(/i,CTi(t)) > 
Since cJ2((5-(/i, t)) is the smallest element satisfying 

CJ2(5-(/l,t)) > 

we get 

5-{h,ai{t)) > a2{5-{h,t)) for all t G Ti. (3.3) 
If ui{t) = t, then we have 

6^{h,t) = 6^{h,ai{t)) > a2{S^{h,?)). 

That is, 

6-{h,t) = a2{S-{h,t}). 

If cJi (?) > t, then 

(f,cJi(f))Ti = it,ai{t))j = 

and 

6^{h,ai{t)) > d^{h,t). 

Suppose the contrary. That is 6-{h,t) is right dense; namely a2{S-{h,t)) = 
6-{h,t). This along with (j3.3|) implies 

{S^{h,t),S-{h,ai{t)))j, /0. 

Pick one element s £ {6-{h,t),6-{h, ai{t)))j2- Since 6-{h,t) is strictly 
increasing in t and invertible, there should be an element t G (t, o"i(t))Ti 
such that 6-{h,t) = s. This leads to a contradiction. Hence, 6-{h,t) must 
be right scattered. □ 

Using the preceding lemma and applying the fact that o'2{u) = ^{u) for 
all "u G T2 we arrive at the following result. 

Corollary 2. We have 

6^{h,ai{t)) = a2{6^{h,t)) for all t e Ti. 

Thus, 

6- {h, a{t)) = cj((5_ (/i, t)) for all t G Ti . (3.4) 
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By (j3.4p we have 

6-{h, cr{s)) = a{5-{h, s)) for all s £ [to, oo)t. 

Substituting s = 5+{h,t) we obtain 

5.{h,a{5+{h,t))) = a{5-{h,5+{h,t))) = ait). 

This and (iv) of Lemma [2] imply 

a{6+{h,t)) = 5+{h,a{t)) for ah t e [5^{h,to),oo)j. 

Example 3. In the following, we give some time scales with their shift 
operators: 



T 


h 


6^{h,t) 


5+{Kt) 


M 


G M+ 


t - h 


t + h 


Z 


G Z+ 


t - h 


t + h 


U {0} 


£ 


i 
h 


ht 






- /l2 


+ /i2 



Example 4. There is no delay function 6-{h,.) : [0, oo)^ — )• [6^{h, 0),oo)j 
on the time scale T= (— cx),0] U [l,oo). 

Suppose the contrary that there exists such a delay function on T. Then since 
is right scattered in Ti := [0, oo)j the point 6-{h, 0) must be right scattered 

in T2 = 0), oo)t, i-e., o"2((5-(/i, 0)) > 6-{h,0). Since cr2(t) = cr{t) for 

all t G [S^{h,0),0)j , we have 

a{6-{h,0)) = a2{6-{h,0)) > 5_(/i,0). 

That is, 6-{h,0) must be right scattered in T. However, in T we have 
6-{h,0) < 0, that is, 0) is right dense. This leads to a contradiction. 

Theorem 2. (Substitution) [10, Theorem 1.98] Assume v : T ^ R is 
strictly increasing and T := i^(T) is a time scale. // / : T — )• M is an 
rd-continuous function and v is difjerentiable with rd-continuous derivative, 
then for a,b £ T, 

g{t,s)u^{s)As= / g{t,i^-\s))As. (3.5) 

J v(a) 

First, since the operator 5 : [to,oo)T — [5(^0)500)1 is strictly increasing, 
it is bijection. If we substitute i^{t) = 5-{h,t) and 

f{t,s) = g{t,6z\h,s)) = g{t,6+{h,s)) 

into ()3.5p . we obtain 



ff{t, 6.{h, s))6^' {h, s) Ais = /"'^^''''^ fit, s) A2S (3.6) 
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for a,b G Ti. For any t G Ti, we have [6-{h,to),t)j^^ C T2. This and (j3.6 
yield 



5.{h,t) 



fit,s)As 



f{t,s)A2S 

S-{h,to) r-t 

f{t,s)A2S+ / f{t,s)A2S 

5^{h,t) J8^{h,to) 

f{t,5.{h,s))6^'ih,s)Ais 



f{t,s)As 



to 



f{t,6-{h,s))6^{h,s)As + 



5^{h,to) 

fit, s) As. 



(3.7) 



The the formula 

ft 



fit,s)As 



fiait),t)-fiait),6.ih,t))6^{h,t) 



+ 



(3.8) 



follows from (|3.7p and Theorem [TJ 

Theorem 3. Let k be an rd- continuous function. Then 

rcr(u) 



Proof. Substituting 



[ As [ k{u)Au = [ An [ 
Js-(h,t) Js Js-{h,t) Js- 



-{h,t) 



k{u)As. (3.9) 



f{s) = s-6.{h,t), g{s) = / k{u)Au 

J s 

into the formula 

f{a{x))g{x)Ax = [f{x)g{x)]l - f f'^{x)g{x)Ax 

J a 

(see |101 Theorem 1.77]) and using Lemma [2] we get 

[(t{s) - 5-{h,t)]k{s)As 



[ As [ k{u)Au= [ [c 



An 



5-{h,t) JS^{h,t) 



a{u) 



k{u)As. 



(3.10) 
□ 



4. Stability analysis using Lyapunov's method 

Let T be a time scale having a delay function 5„(/i,t) where h > to and 
to £ T is nonnegative and fixed. In this section we consider the equation 

x^{t) = a{t)x{t) + b{t)x{5-{h,t))5^{h,t), t£[to,oo)T (4.1) 

and assume that 



\5^{h,t)\ < M < 00 for ah t e [to,oo)T. 



(4.2) 
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Let ip: to)) ^oIt — ?• K be rd-continuous and let x(t) := x{t,tQ,ip) be 

the solution of Eq. (j4.ip on [^0,00)^ with x{t) = Tp(t) on [5_(/i,to)i^o]T- Let 
||(^|| = sup{|(^(t)| : t G [6-{h,to),to)j}. 

Observe that using (j3.8p Eq. (j4.ip can be rewritten as follows 

At 



x^it) = Q{t)x{t) 



b{5+{h,s))x{s)As 



(4.3) 



where 

Q{t) ■.= a{t) + b{6+{h,t)) 
and At indicates the delta derivative with respect to t. 

Lemma 4. Let 



A{t):=x{t)+ J b{6+{h,s))x{s)As 

5-{h,t) 



and 



I3{t) :=t-6-{h,t). 
Assume that there exists a X > such that 
Xd^{h,t) 



(4.4) 



(4.5) 



for all t £ [to,oo)T. // 



< Q{t) < -A im + /i(t)] b{5+{h,t))^ - fi{t)Q^{t) 

(4.6) 



Vit) = A{tf + A J As J b{5+{h, u)fx{ufAu 

then, along the solutions of Eq. (JjJ^ we have 

V^{t) < Q{t)V{t) for all t e [to,oo)T. 
Proof. It is obvious from ()4.3p and ()4.4p that 

A^{t) = Q{t)x{t). 
Then by and the formula A{a{t)) = A{t) + li{t)A{t) we have 

V^{t) = [A{t) + A{a{t))] A^{t) + A / b{6+{h, u)fx{ufAu 



(4.7) 



(4.8) 



\5^{h,t) 



b{5+{h, u)fx{ufAu + \{t- 5-{h, t)) b{5+{h, t)fx{tf 



5-{h,t) 



u{t) 

[2A{t) + fi{t)Q{t)x{t)]Q{t)x{t) - X6^{h,t) I b{5+{h,u)fx{uf Au 



+ X[/3{t) + fi{t)] b{5+{h,t)fx{tf. 
Using the identity 

/ * 

2A{t)x{t) = x'^{t) + A^{t) - 



\ 



b{5+{h,s))x{s)As 



V-(/i,i) 



(4.9) 
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and condition (j4.6p we have 



y^(t) = Q(t)y(t) + ii(t) 

+ x'^it) [A im + fi{t)) bi5+{h, t)f + Q{t) + 

<Q{t)V{t) + R{t), (4.10) 



where 



R{t) = -Q{t) 



( I 

\-(h,t) 

\5^{h,t) I b{6+{h,u)fx{ufAu 



'5-(h,t) 
t t 



-\Q(t) j Asjb{6+{h,u)fx{ufAu. (4.11) 

<5_(/i,i) s 

Hereafter, we wih show that ()4.6p impHes R{t) < 0. This and ()4.10p will 
enable us to derive the desired inequality ()4.8p . First we have 

ait) ft 

b{6+{h,u)fx{ufAu> / b{6+{h,u)fx{ufAu. (4.12) 



IS-{h,t) J5^{h,t) 

Prom Holder's inequality [ini Theorem 6.13] we get 

j b{5+{h,s))x{s)As\ <f3{t) j bi5+ih,s))^x{s)^As. (4.13) 

\^-(h,t) J S.{h,t) 



On the other hand, (j3.9p yields 



t t t 



As I b{5+ih,u)yx{uyAu= J J b{6+{h,u)yx{uyAs 

{h,t) S-(h,t) 

t 

J [a{u) - S-{h,t)] b{5+{h,u)fx{ufAu 



S-{h,t) s 5-{h,t) 5-{h,t) 

t 



5-{h,t) 

t 

< [/3(0 + /u(t)] j b{5+{h,u)fx{ufAu. 

S-{h,t) 



(4.14) 

Substituting ()4.13p and (|4.14p into (|4.1ip and using (|4.12p together with 
S^{h,t) > we deduce 



R{t)<-{{l3{t) + [X/3{t) + fi{t)])Q{t) + X5^{h,t)} J b{5+{h,s)yx{sfAs. 

5-{h,t) 
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(4.15) 



Hence, using the left-hand side of (j4.6p we arrive at the inequahty R{t) < 0. 
The proof is complete. □ 

In preparation for the proof of the next theorem we state the following 
lemma. 

Lemma 5. If (f € 7^^, then 

< e^{t, s) < exp ip{r)Ar^ 
for all t G [s, oo)t. 

Theorem 4. Let a € TV^ and Q gTZ. Suppose the hypothesis of Lemma\^ 
If there exists an a £ {tQ,h)j such that 

ia,t)£V± for all t£[to,(x>)T (4.16) 

and 

r /, N 5^(a,t) + S-(h,S-(a,t)) , , . 

S^{h,t) < — ^ for all t e [a, cc)j, (4.17) 

then any solution x{t) = x{t,tQ,(p) of ( [^.i[ ) satisfies the exponential inequal- 
ities 



|i(t)l < 



1-m) 



for all t G [a, oo)j and 
|x(t)| < \me^^>^'^^' 



l + M 



y(to)e2'^'o 



b{s) 



Q{s)As 



— ff a(u)Au 

e ■'*o ^ ' 



As 



(4.18) 



(4.19) 



to l + Ks)a{s 
for all t € [tQ,a)j, where M is as defined by Iji4-^ , 

and A{t) := 6-{h,t) - 6-{h, 5^{a,t)). 

Proof. Since to < a < h the condition ()4.17p implies 

6-{h,t) < 6-{a,t) for all t G [a,oo)T (4.20) 

and 

< A{t) < 6- (a, t) - 5_ {h, t) for all t £ [a, oo)t, (4.21) 

Let V{t) be defined by First we get by (IXTIl . K7}i and (14.20114.211) 
that 

t t 

V{t) > A / As [ b{5+{h,u)fx{ufAu 



ft 



= A 
> A 



5^(h,t) 
t 

<5_ (a,t) 



[a{u) - 6^{h,t)] b{6+ih,u)fx{ufAu 



[a{u) - 6-{h, t)] b{5+{h, u)fx{ufAu 



>\[5-{a,t)-6-{h,t)] 



<5_ {a,t) 



b{5+{h,u)fx{ufAu. 
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This along with K2T\i yields 

V{t) > XA{t) [ b{5+{h,u)fx{ufAu 

J<5_(a,t) 

for all t G [a, oo)j. Similarly, we get 

r.<5_ {a,t) 



(4.22) 



V{S-{a,t)) > A 
> A 



(5_(/i,(5_(a,t)) 
<5_(a,t) 



[a{u) - (5„ {h, (5_ (a, t))] u)yx{uyAu 



5-{h,t) 



[a{u) - 6- {h, (5_ (a, t))] An 



<5_(a,t) 



>XA{t) I b{5+{h,u)fx{ufAu (4.23) 

for all t G [a,oo)T since 6-{a,t) < 6-{to,t) = t. Utilizing (021), (022]), and 
(f03]l we obtain 

ft 



V{t) + y (<5_ (a, t)) > A{ty + AA(t) 



(5_{a,i) 



b{5+{h,u)Yx{uyAu 



AA(t) 



5_(Q,t) 



5-{h,t) 



b{5+{h,u)fx{uyAu 



> A{ty + AA(t) 



<5_(/i,t) 



b{5+{h,u)yx{ufAu (4.24) 



for all t G [a,oo)T. Substituting ([iJ3]l and ([331) into ()i:2l) we find 



Vit) + Vi5.{a,t)) > 1 



e(i) 



x2(i) 



+ 



> 1 



x\t) 



6(5+(/i, u))x{u)Au 



for all t G [a, oo)t. Since V^{t) < 0, we get by (|i:25]) that 



1 



m 



x^{t) < V{t) + V{6-{a,t)) < 2Vi6-{a,t)) 



(4.25) 



(4.26) 



for all t G [a, cx))t- Multiplying (|4.8|) by eeQ(fT(s), to) and integrating the 
resulting inequality from to to t we derive 

> r [y^(s) - Q(s)l/(s)] eeQ{a{s),to)As 



[Vis)eeQis,to)fAs 
V{t)eQQ{t,to)-V{to). 



to 



That is, 



Vit) < VitQ)eQ{t,to) for all t G [to,oo)T. 



(4.27) 
(4.28) 
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Combining (j4.26p and (|4.28p we arrive at 



V{to)eQ{6.{a,t),to) 



for all t £ [a, oo)j. The hypothesis Q £ TZ and the condition ()4.6p guarantee 
that Q{t) e n+. Thus, ()tT5D implies 



\xit)\ < 



1 - 777T 



for all t £ [a, oo)j. 

Multiplying (|4.ip by eQa{cr(t),to) and integrating the resulting equation from 
to to t we have 

ft 

x{t) = x{to)ea{t,to)+ / ; ; eait,s)xi6-{h,s))6^'{h,s)As. 

J to + 

(4.29) 

Since 6-{h,t) < 6-{a,t) < 6- {a, a) = to for all t £ [tQ,a)j, ()4.15p along 
with Eq. yields 



\x{t)\ = ea(t,to) 



V'(io) + 



b{s) 



< 



f. a(s)ds , , ^ 



to 1 + /^(s)a(^; 



to 



1 + M 



1 + fi{s)a{s) 
b{s) 



ea{to,s)^{5.{h,s))6^%h,s)As 

g/>(«)An^g 



to 



1 + fi{s)a{s) 



— ff a(u)Au 



As 



□ 



The proof is complete. 

Notice that Theorem |3] does not work for the time scales in which 

ito,h)j = 0. 

For instance, let T = Z, to = 0, 5^{h,t) = t — h and h = 1. It is obvious 
that {to, h)z = (0, l)z = 0- That is, there is no a so that ()4.16p and ()4.17p 
hold. In preparation for the proof of the next theorem we give the following 
lemma. 

Lemma 6. Let T be a time scale and to fixed point. Suppose that the 
shift operators 6±{h,t) associated with the initial point to ore defined on 
T. Suppose also that there is a delay function 6-{h,t) defined on T. If 
{tQ,h)j = 0, then the time scale T is isolated (i.e., T consists only of right 
scattered points). Moreover, 



a{t) = 6+ih,t) 
for all t £ [(5_(/i, to), oo)t or equivalently 

a{5-{h,t)) = t 

for all t £ [to, oo)t- 



(4.30) 
(4.31) 
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Proof. Suppose that {to,h)j = 0. Define 6^{h,tQ) = to and io) = 

6+{h,5^~^{h,tQ)) for k G Z+. Since d+{h,t) is surjective and strictly in- 
creasing we have 

[6l-\h, to),Slih,to))^ = 6^ (/i, (5^-2 (^^^ ^ ^k-i^f^^ ^^^^J^ for = 2, 3, . .. . 
Thus, one can show by induction that 



d1-\h,to),6i{h,to) 



for all k G Z+. 



(4.32) 



That is, a y6_i^ ^(/i,to)j = S+{h,to) for k G On the other hand, we can 
write 

[to, oo)t = U^=i [6i-' [h, to),6iih, to))j. 

Hence, for any t £ [Iq, oo)ir there is a ko £ Z+ so that t G [6l°-\h,to), 5^' ih,to))T. 
By ()i:32]) we have t = to)- This shows that 

a{t) = a{6l'-\h,to)) = 6l%h,to) = 6+{h,6l'"Hh,to)) = 6+{h,t) 

for all t G [6^{h,tQ),oc)j. This along with a{5-{h,t)) = 6-{h,a{t)) yields 
()4.3ip . The proof is complete. □ 

Theorem 5. Let a G 7^^, Q £ TZ. Assume the hypothesis of Lemma 
If {tQ,h)j = 0, then any solution x{t) = x{t,tQ,ip) of satisfies the 

exponential inequality 



for all t G [to, oo)t. 

Proof. Let -fT be defined by 

H{t) = 



t t 
As 



J b{6+ih,u)fxiuy 



An. 



(4.33) 



5-{h,t) s 
From (fXTn]) . (ICTD . and we get 



Hit) 



5-{h,t) 



[a{u) - 5-{h, t)] b{5+{h, u)fx{ufAu 



> [a{5^{h,t)) - 6^{h,t)] 



m 



> 



<5- (a,t) 

b{d+{h,u)fx{ufAu 
b{5^{h, u))x{u)Au 



b{6+{h,u)fx{ufAu 



<5_{a,i) 



\5_(h,t) 
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Hence, by (|4.7p we have 

V{t) = A^{t) + XH{t) 



( 



> 



x{t) 



( \ 



b{5+{h,s))x{s)As 



+ A 



6((5+(/i, u))x{u)Au 



\5_(h,t) 



1 + A 



+ 



( i 



> 1 



1 



1 + A 

This along with (|4.28p yields 
The proof is complete. 



:{t) + Vl + A 



xHt). 



h[5j^{h, u))x{u)Au 



V-(M) 



(l + ^) F(^o)e^^o«W^^ 



n 



In the next corollary, we summarize the results obtained in Theorem [3] 
and Theorem [5l 

Corollary 3. Assume the hypothesis of Lemma^ Let a € 7^^ and Q €zTZ. 

Suppose that there exists a A > such that ^.6\ ) holds for all t S [to, oo)j. 

(1) If there exists an a £ {to,h)j such that \4.1(j^ and hold, then 

any solution x{t) = x{t,tQ,ip) of satisfies 



\x{t)\ < 



Thus, if 



lim 



to 



[A + ^i{s)) b{S+{h, + fi{s)Q\s)] A 



s = oo. 



then the zero solution of Eq. Ii4.1\ ) is exponentially stable. 
(2) If (to,h)j = 0, then any solution x{t) = x{t,tQ,{p) of (RTIl) satisfies 



Thus, if 



t—^OD 



lim / [X{l3{s)+fiis))biais)f + fi{s)Q\s)]A 



s = oo, 



to 
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then the zero solution of Eq. J^. j[ j is exponentially stable. 

Let g > 1, T = ^ = {0} U {g" : n e Z}, 5-{h,t) = q'H, and h £ Z+. 
Then, Eq. ()4.ip turns into the g-difference equation 

Dgx{t)=a{t)x{t)+b{t)x{q-H)q''', t € {l,q,q\ ...} , (4.34) 

where Dqx{t) = ^^^^r^^^. Next, we use Corohary [3] to derive a stabihty 
criteria for the g-difference equation (|4.34|) . 

Example 5. Suppose that 1 + fi{t)a{t) > 0, 1 + fi{t)Q{t) ^ 0, and 

W{t) + A(ti7(t) + 

for all t G {l, g^, ...}, where w{t) := t (l — q'"'') and = t{q — 1). 

(1) If {l,q^)gZ / 0, t/ien t/ien condition ^■17\ ) holds. By Corollary \^ 
we conclude that any solution x{t) = x{t,to,if) of the q-dijjerence 
equation lli4-34\ ) satisfies the exponential inequalities 





\x{t)\ < 



V{to) exp 



^ ^^{s)Q{s) 



for all t £ [g°,oo)„z and 



( 



\x(t)\ < UWexp 



/i(s)a(s) 

/ 

1+ Y G'(s)exp - Y lJ'iu)a{u) 



for all t £ [l,q'^)gZ, where 

G{s) := q-'^i^is) 

Hence, if 



b{s) 



hm > 



se[i,q-°'t)^z 



1 + n{s)a{s) 
X{q-q-^)biq^sf + iq-l)Q\s)As 



then the zero solution of Eq. \4.34^ is exponentially stable. 



(2) // (1, q'^)gi. = 0, then h = l and 
\x{t)\ < 
Hence, if 



1 + ^ ) ^(*o) exp 



hm V s^ [\{q - q-^)b{qsf + {q - 1)Q\s)As] = oo, 
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then the zero solution of Eq. ^.34^ is exponentially stable. 

In the next result, we will display a Lyapunov functional that involves 
Thus, in preparation we have the following. 
Using the product rule {fg)^ = f^g" + /^^and differentiating both sides 
of x'^{t) = we obtain the derivative as follows 

|x|^= ,^^f", a;^forx/0. (4.35) 

|x| + \x'^\ 

So depends on |^|^ and jjs^ (i-e., signs of x and x'^ , respectively). 
Given x : T — )• M, let the sets T+ and T~ be defined by 

T+ = {t E T : x{t)x''{t) > 0} , 
J- = {t£T: x{t)x''{t) < 0}, 

respectively. The set T~ consists only of right scattered points of T. Since 
the time scale T = M has no any right scattered points, we have T~ = 0. 
Thus for all differentiable functions : M — )• M, the formula (|4.35p turns into 
= However, for an arbitrary time scale (e.g. T = Z) the set T~ 

may not be empty. For simplicity, we need to have a formula for which 
does not include x'^ . The next result provides a relationship between 
and ^x^- Its proof can be found in [5]. 

Lemma 7. ^ Lemma 5] Let x ^ be A-differentiable. Then 



\xitr={ i^n';;:;, a,. i::z ■ (4.36) 



Theorem 6. Define a continuous function ri{t) > by 

7j{t) := ^ ^-^^^ . (4.37) 

1 + ^ l5-{h,t) ea('5+(/i, s),to)As 

Suppose that a G TZ^ and that 

\b{t)\- Xri''{t)6^{h,t) <0 (4.38) 

holds for all t £ [tQ,oo)j. Then any solution of Eq. j] ) satisfies the 
inequality 

, xto)e^{t,tQ) for all t £ [to,oo)T, (4.39) 

where 

V{to,xt,):=\x{to)\+Xv{to) [° \x{s)\As, 



'S-{h,to) 

7(f) := a{t) + XMrj^it), M = max {1, M} , and M is as in [fW - 
Proof. For convenience define 



C{t) := 1 + A / ea{S+{h,s),to)As. 
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C^it) = \eai6+{h, t),to) - Cait, to)S^{h, t) 

= Xea{t,to) [ea{6+ih,t),t) -6^{h,t)] . 



(4.40) 



This and a differentiation of ()4.37p yield 
ea{t,to) faC{t)-C'^{t) 



rj{t) 



C(t) + /i(i)C^(i) 



= a{t)r]{t) + X7]''{t)r]{t)6^{h,t) - {t)ea{6+{Kt),t) 
< r]{t) \a{t) + XM7]''{t) 

where we also used C'^(t) = C{t) + IJ-it)C'^{t) a-iid 

m 



(4.41) 



Define 



V{t,xt) ■.= \x{t)\+ Xri{t) \x{s)\As. 

JS.{h,t) 



(4.42) 



Let i G T+ n [to,oo)T. Then by (lOHD we have \x{t)\^ = ^\X^{t). Differ- 
entiating ()4.42p and utilizing ()4.38p and ()4.4ip we arrive at 



V^{t, xt) = \x{t)f + Xi]^{t) / \x{s)\ As 

J5-{h,t) 

+ Xr{t) [\x{t)\-\x{6^{h,t))\6^{h,t)] 



< 



\x{t)\- 



x'^{t) + Xr]{t) a{t) + XMri^it) 



5-(h,t) 



\x{s)\ As 



+ Xv^t) [\x{t)\-\x{6-{h,t))\6^{h,t)] 

i{t) + XMrj^t)) \xit)\ + {\b{t)\ - X6^{h,t)7]^t)) |x(5_(/i,t))| 



+ Xr]{t) [a(t)+Mr/"(t) 
<7it)Vit,xt). 



\x(s)\ As 



5-{h,t) 
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Similarly, if t e D [tQ,oo)j, then \x{t)\^ = \x{t)\ - by 

(|06D . Hence, 



V^{t, xt) < \x{t)\^ + 7]{t) \a{t) + XMTj'^it) 



\x{s)\ As 



+ Xv^t) [\x{t)\-\x{S.{h,mS-{h,t)] 



< 



a{t) + XMt]" {t) \x{t)\ 



n{t) 

+ {\b{t)\-\5^{h,t)ii%t))\x{5.{h,t))\ 



+ Xr]{t) a{t) + Mr]''{t) 



\x(s)\ As 



< (^a{t) + AM7?'^(t)) \x{t)\ + XT]{t) a{t) + XMT]''{t) 
= j{t)V{t,xt). 
since 1 + fi{t)a{t) > implies 

2 



\x(s)\ As 



5-{h,t) 



a{t) < a{t). 



Thus, 



V^{t,xt) < -f{t)V{t,xt) for ah t G [to,oo)T. 



(4.43) 



An integration of ()4.43p and applying the fact that V{t, xt) > \x{t)\ we arrive 
at the desired result. □ 



In the next section we give a criteria for instability. 



5. A CRITERIA FOR INSTABILITY 

Theorem 7. Suppose there exists positive constant D such that 

for all t € [to,oo)Tr, where f3{t) is as defined in ( [^.5[ j. Let the function A he 
defined by i4-4^ - If 

V{t) = A{tf-D[ b{6+{h,s)fx{sfAs, (5.2) 
Js^{h,t) 

then along the solutions of Eq. j[ ) we have 

V^{t) > Q{t)V{t) for all t € [to, oo)t. (5.3) 
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Proof. Let V be defined by (fOI) . Using (fOj) and (fil^ we obtain 

V'^it) = [Ait) + A^{t) - Dh{6+{h, t)fx{tf 

+ Db{tfx{6-{h,t)f6^{h,t) 

> [2A{t) + fiit)Q{t)x{t)] Q{t)x{t) - Db{5+{h, t)fx{tf 

> 2Q{t)A{t)x{t) - Db{5+{h,t)fx{tf 

( \ 



Q{t) 



x\t) + A^it) 



b{5+{h,s))x{s)As 



y_{/i,i) 



- Db{6+{h,t)fx{tf 

> Q{t)V{t) + [Qit) - Db{5+ih,t)f] x{tf. 
This along with ()5.ip implies ()5.3p . 



□ 



To prove the next theorem we will need to use the following lemma: 
Lemma 8. [9, Remarks 2] // 99 is rd- continuous and nonnegative, then 



1 + y (f(u)Au < eip{t, s) < exp <| J (p{u)Au^ for all t > 



(5.4) 



Theorem 8. Suppose all hypotheses of Theorem hold. Suppose also that 
P[t) is bounded above by /3o with < /Sq < D. Then the zero solution of Eq. 
^4-l\ ) is unstable, provided that 



lim [ b{6+{h,s)f As = 00. 

J to 



Proof. As we did in (j4.27p . an integration of (j5.3p from to to t gives 

V{t) > V{tQ)eQ{t,to) for ah t G [to,oo)T. (5.5) 
Let V{t) be given by ([22]) ■ Then 



V{t) = x{tf + 2x{t) I b{5+{h,s))x{s) 

Js^(h,t) 



As + 



D 



-{h,t) 

b{6+{h,s)fx{sfAs. 



b{6+{h,s))x{s)As 



(5.6) 



l5-{h,t) 

Let C := D — fSf). Then from 



-K 



-L\ >0, 



we have 



/3o 



C 



2KL < + —L 



C 
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With this in mind we arrive at 
2\x{t)\ f \h{5+{h,s))\\x{s)\^s<^x\t) 

JS-{h,t) ^ 



+ ^( r h{5+{h,s))x{s)/\s 
PO \JS-(h.t) 



2 



l5-{h,t) 

A substitution of the above inequality into (j5.6p yields 



b{S+{h,s))x{s)As 



t 

D I b{5+{h,s)fx{sfAs 

^^^iif + wlf mih,s))xis)As] 
^ PO \J5-{h,t) J 

D [ b{6+{h,s)fx{sfAs. 



l5-(h,t) 
Using (|4.13|) we find 



V{t) < ^x{tf. 



By dSl]), ([53]), and ([53]) we get 




This completes the proof. □ 
We end this paper by comparing our results to the existing ones. 

6. Some applications 

In [3], by means of Lyapunov's direct method the authors investigated 
the stability analysis of the delay dynamic equation 

x^{t) = a{t)x{t) + b{t)x{6{t))6^ (t), (6.1) 

where a : T — t- R and 6 : T — t- M are functions and a G TZ^. Moreover, the 
delay function 6 : [Iq, oo)j — [(5(to), oo)ir is surjective, strictly increasing and 
is supposed to have the following properties 

6{t)<t, 6^{t) <oo, 6oa = ao5. 

It is concluded in [3l Theorem 6] that 

\b{t)\ < N and a{t) < -N (6.2) 
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are the sufficient conditions guaranteeing stability of tfie zero solution of Eq. 
(j6.ip . Next, we furnish an example to show that Theorem H] allows us to 
relax condition (j6.2p that leads to exponential stability of zero solution Eq. 
(O). 



Example 6. Let T = R, a{t) = 1, b{t) = -|, 5{t) = i - |, and N = 1. It is 
obvious that the condition \6.S^ does not hold. So, O Theorem 6] does not 
imply the stability of the zero solution of the delayed differential equation 

x'{t) = <t)-\x{t-^). (6.3) 

On the other hand, setting T = M, A = and 5^{h,t) = t — ^ Eq. 
turns into 116. 3\) and the condition becomes 



-l<Q{t)<-lb{6+{h,t)f, 

which holds for all t G [0, oo) since Q{t) = a{t) + b{5j^{h,t)) = — ^. One 
may easily verify that condition |^.i7| j is satisfied for 6-{a,t) = t — | and 
6-{h,t) = t — ^. Thus, we conclude the exponential stability of the zero 
solution of 116. 3\) by Corollary O 

Now, let us consider the equation 

x^{t) = b{t)x{6-{h,t))6^{h,t), t G [to,oo)T. (6.4) 

We observe the following by combining Corollary [3] and Theorem [6l 

Remark 1. Let b €z TZ. Suppose that there exists a A > such that 



m + A m) + m - '» - ''^<" ^^'^ ■ 

(6.5) 

holds for all t G [to,oo)T- 

(1) // there exists an a £ {to,h)j such that ^.16\ ) and ( [-^.i7| j hold and 
if 

fS- ia,t) 

lim / [Xf3{s) + {l + X)n{s)]b{S+{h,s))'^As = oo, (6.6) 

J to 

then the zero solution of Eq. ((g.^[ ) is exponentially stable. 

(2) If{to,h)T = and if 

lim / [XP{s) + {I + \)ii{s)]b{a{s)f As = oo, 

J to 

then the zero solution of Eq. Jg.^D is exponentially stable. 

(3) Suppose that a G TZ^ and that 

\b{t)\ -Xr,''{t)5^{h,t) < 
holds for all t G [to, 00)1, where 

^^'^ ■= TTmr 

Then any solution of Eq. j[ j satisfies the inequality 
\x{t)\ < y(to,xtJe^^4^^^)^^eT,(t,to) for all t e [to,oo)T, 
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where 

V{to,xt,) := \x{to)\ + Xvito) [ ° \x{s)\ As, 

J5-(h,to) 

7(t) := XMr]'^{t), M = max{l, M} , and M is as in g^j. 

In [3l Theorem 7], the authors utihzed fixed point theory and deduced 
that the conditions 

p{t) := b{6+{h,t)) / for all t £ [to,oo)T, (6.7) 



lim ep{t,to) = 0, 

t— )-oo 



and 

/ \pis)\As+ [ \ep{s)\ep{t,s)l [ \p{u)\ Au] As < N < I 

J5^{h,t) J to \J5^{h,s) J 

(6.8) 

lead to stability of solution x(t, to! ^) of Eq. (j6.4p . Notice that [:3] generalizes 
all the results of [20j. 

Moreover, Wang (see [22, Corollary 1]) proposed the inequality 

- ^<a{t) + b{t + h) < -hb^{t + h) (6.9) 

as sufficient condition for uniform asymptotic stability of the zero solution 
of the delay differential equation 

x'{t) = a{t) + b{t)x{t- h), h>0. 

It can be easily seen that the conditions (|6.8ll6.9p are not satisfied for the 
data given in the following example. 

Example 7. Let a{t) = 0, T = R, 6-{h,t) = t — h, and p < be fixed. 
Then Eq. ( [^.i[ ) becomes 

x'{t) = b{t)x{t - h). 
We can simplify condition h6.^) as follows 

h\p\{2-eP^) <N <1. (6.10) 
If h = ^, and b{t) = —j^, then \6. 7| ) implies 

h \p\ (2 - eP*) = ^ (2 - e~^'^ > 1 

for all t > — ^In (|) = 1.22. Thus, the condition 116. 10\) does not hold. On 
the other hand, for /i = | and A = |, condition id. 5\) turns into 

-^<b{6+{h,t))<-b{6+{h,t)f. 

The last inequality holds for b{t) = — In addition, setting 6^{a,t) = 
t — I one may easily verify that conditions ([JT^, and \6. 6\) are 

satisfied. Hence, the first part of Remark{l\ yields exponential stability while 
[31 Theorem 7] and [22, Corollary 1] cannot. 
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